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2where X and Z are dened by their action on the com-
putational basis
Xjsi = js+ 1 (mod d)i ; (3)







 exp(i2=d) : (5)
In the following we shall write for simplicity  instead of

d
, if the dimension is easily understood from the context.
The unitary operators X and Z generate the general-
ized Pauli group P
d



















Before we consider two-qudit gates, we review some of
the properties of the useful one-qudit `Fourier gate' F ,
which transfers the qudit computational basis jsi to the
dual state



















. These dual states are re-
lated to the computational basis by a discrete Fourier
transformation, and distinguished by a rounded bra/ket
notation. As an example, if the computational basis cor-
responds to Fock number states for the harmonic oscil-
lator, the dual basis corresponds to Susskind-Glogower
phase states [17]. Similarly the SU(2) phase states are
dual to angular momentum eigenstates [18].
The F gate is a qudit version of the one-qubit
Hadamard gate H. However, and in contrast to H, the
F operator for d  3 is not Hermitian and its order is 4
instead of 2, as [19]
F
2
jsi = j   si; F
4
= I: (8)
Similarly, the unitary operator X can be considered as
the qudit version of the NOT gate, and Z is the qudit
version of the phase gate for qubits.
C. Two-qudit gates
1. Hybrid SUM gate
Two representative quantum gates on qubits are the
controlled-NOT (CNOT) and SWAP gate. A generalised
CNOT gate for qudits [2, 3, 20] has been called the dis-
placement gate, or SUM gate [20]. As a compromise,
we refer to the hybrid version of this `controlled-SHIFT'
operator as the `SUM gate', but use the notation D to
emphasize its displacement nature. To achieve unity in
notation, we shall use caligraphic letters to denote two-
and multi-qudit gates. In particular, we shall use S; T
and F to denote the SWAP, the hybrid Tooli, and Fred-
kin gates, respectively.
We now dene the hybrid version of the SUM or dis-



































is a primitive projection operator on a computational ba-




It is important to note the following subtle dier-
ence between hybrid and non-hybrid qudit systems: al-
though the states jii 
 jji and ji + d
c
i 
 jji are for-



































. Hence, in order to obtain
a unique denition, we insist that the summation in (9)
is restricted to 0  n < d
c
. This subtle dierence has
interesting consequences when we try to dene a SWAP





we can combine together all the projection
operators P
n



































For example, the SUM gate for d
c
= 3 and d
t









































































 jni := jmi 































reduces to the generalized
CNOT gate given by Alber et al. [4].
2. The SWAP gate









= d systems, is dened by
Sjii 
 jji = jji 








 jiihjj. Clearly, the denition


































unitary and Hermitian, as S
2
P
= I. This partial SWAP
gate only acts as a SWAP operation on a subspace of the
original Hilbert space.
3. Relation between SWAP and SUM operators
It is easy to check that S can be written in terms of












Another possibility is to use expressions (17) formally
to dene a swap-like gate for hybrid system. However,
contrary to what one might expect, this operator does
not yield a swap operation, even for 0  i; j  d
min
.
We illustrate this claim by a simple example, where
d
1
= 3 and d
2
= 2. By applying expression (17) to the
state j0i 
 j1i. We obtain successively
j0i 
 j1i  ! j0i 
 j1i  ! j2i 
 j1i
 ! j2i 
 j1i  ! j1i 
 j1i 6= j1i 
 j0i (18)

















expressed in our notations. Note that both constructions
of SWAP gates actually require three SUM gates and
three local F
2






























We also note that the SWAP gate on continuous variables
can be constructed by three generalized controlled-NOT
gates on continuous variables [22].
D. Higher order quantum hybrid gates
Representative higher-order three-qubit gates include
the quantum versions of the Tooli gate [5, 6, 7, 8, 9]
and of the Fredkin gate [10, 11, 12, 13, 14]; these three-
bit gates are important primitives for logically reversible
classical computation, for which universal reversible two-
bit gates do not exist. The Tooli gate is eectively
a controlled-controlled-NOT (C
2
NOT), and the Fredkin
gate is another universal three-bit gate.
As a controlled-controlled-NOT, the quantum Tooli
gate has two qubits as control and one qubit as target,
and the target qubit ips if and only the two control
qubits are in the state j1i 
 j1i. The Fredkin gate has
one qubit as control and two qubits as target, and the
states of two target qubits swap if and only if the control
qubit is in the state j1i. Here we give the hybrid version
of these two higher-order gates.
1. The hybrid Tooli gate









































g may be unitary operators on single
or multiple qudits, and may include the case of qudit-
controlled operators on other qudits. The latter case al-
lows unitary operators on qudits that can be jointly con-
trolled by two or more qudits. An example is provided by
the following `natural' generalization of the Tooli gate















in (22) are replaced by D
s
, which are powers
of the generalized displacement operator (9). The hybrid





























































where the products rs of the delta in (25) are dened
modulo d
t




2. The hybrid Fredkin gate
Another type of multi-qudit gate is the quantum Fred-
























































The hybrid Fredkin gate executes a swap for purely odd
state j 
 




i = j 
 
i, and does nothing for
the even states. However, for mixed odd and even states,
one obtains a mixed result. For instance, if we choose
a input state as (j0i+ j1i)
 ji 
 ji, the output state
after the gate is j0i 
 ji
 ji+ j1i 
 ji 
 ji, which is
in general an entangled state.
III. ENTANGLEMENT PRODUCED BY
QUANTUM GATES
Hybrid two- and multi-qudit gates can enhance entan-
glement, i.e. the entanglement of the output state can
be greater than that of the input state. In this case
we regard the hybrid gates as entangling gates. Dier-
ent methods exist for characterizing the enhancement of
entanglement. In this section, we discuss entanglement
enhancement by the hybrid SUM gate.
A. Entanglement measures for states and operators
There are various measures of entanglement for a nor-







. Here, we shall use the
von Neumann entropy













g is dened in terms of the Schmidt decompo-

















> 0 8n; (29)
and log is always taken to be base 2. Denition (28)
was adapted [23, 24] to dene operator entanglement, as






























orthonormal with respect to the Hilbert-Schmidt scalar
product dened by hA;Bi := tr (A
y
B) for A and B two





the Hilbert-Schmidt norm of the operator A, and
^
A :=
A=jjAjj if jjAjj 6= 0.
Since linear operators over a nite-dimensional vector
space H
d





Q  Q=jjQjj as a normalized state, which
we denote by j
b























































B. Operator entanglement of the SUM gate
In Sec. II, we essentially obtained in Eq. (13) the
Schmidt decomposition of the operator D because the
projection operators 
s
and the unitary operators X
s


















































in (13) by their norms, we immediately obtain
































K + 1 (0  s  r   1);
p

































































by substituting K = 0 and r = d
c
.
C. Entanglement produced by the SUM gate
We prove the following lemma:
Lemma 1 : The entanglement generated by the hybrid
SUM gate D on the following three initial product states
(one without and two with ancillas)
j	
1





































i  ji 
















where jti is any of the computational states of the target













Proof: The three initial states have zero entanglement,
since they were chosen to be product states. There-






















































jsi + js+ d
t




K + 1j 
s
i
for 0  s  r   1;





















, span a d
t




By substituting (45) into (44), we obtain the following

























for 0  s  r   1;
K=d
c




By substituting the above equation into (29) we obtain
exactly the same expression (38). Similarly, we can prove
that the entanglement of E(Dji 
 jti) is also given by
(38).
Finally, since the states fX
s
jig are orthonormal
for dierent s, we get essentially the same Schmidt
decomposition for Djiji as in (46), and hence the
same nal entanglement. This result also follows from
lemma 5 of Ref. [24]. 
The entanglement function (38) is plotted in Fig. 1.
As the generated entanglement equals the operator en-
tanglement according to Eq. (43), Fig. 1 presents E as







becomes large. We can


















so the entanglement asymptotically approaches logd
t
as
observed in Fig. 1.
IV. PHYSICAL REALIZATION OF HYBRID
GATES
One can encode a qudit in physical systems such as
spin systems and harmonic oscillators [2]. The Hilbert
space associated with a spin{j system is spanned by the























)jj;mi = j(j + 1)jj;mi. It is natural to






:= jn  ji (n = 0;    ; 2j): (49)




: In the spin system the
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A. Controlled-phase and SUM gates








. Up to local









). By choosing tg =
2=(2j
t
+ 1) = 2=d
t




















which is just the controlled-phase gate [3]. On the other
hand, we know that the SUM gate can be obtained from
the controlled-phase gate as follows [25]











 F ): (53)
Therefore, with the aid of F gate we realized the hybrid
SUM gate.
B. Tooli gate
Now let us see how to physically create a hybrid Tooli














to 1/2) arises in ion-trap systems when coupling these
operators N
i
to a common continuous variable. The di-
mension of a spin-j
i





Therefore, we have the three-body controlled-phase gate








By choosing, say,  = 2=d
3











becomes the control space. Then,
by appending the appropriate F gate on the target sys-














As a nal remark we point out that we can construct















































In an ion-trap system we can couple the spin-j system to
two bosonic modes a
i











commute with each other, we can














































form the su(2) Lie algebra. The evolution
operator of the Hamiltonian H at time t =  =2 is
given by






















































>From Eqs. (55), (56), and (59), we construct the






































































systems in terms of ve two-body oper-
ators.
7V. CONJUGATION BY THE SUM GATE
A conjugation by the SUM gate D is described by the
following lemma:
Lemma 2 : The hybrid SUM gate D yields, by conjuga-


























































= K : (65)




















































































































































will belong to the Cliord algebra of the
hybrid Pauli group.
VI. SUMMARY
We considered quantum hybrid gates which act on
tensor products of qudits of dierent dimensions. In
particular, we constructed two-body hybrid SUM and
partial-SWAP gates, and also many-body hybrid Tooli
and Fredkin gates. We have calculated the entanglement
generated by the SUM gate. We describe a physical
realization of these hybrid gates for spin systems. We
also proved two lemmas, one related to entanglement
generation with and without ancillas, and the other
involving conjugation by the SUM gate.
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